We demonstrate that global maps of phase velocity can be obtained from a data set of fundamental-mode Rayleigh wave amplitudes in the period range 150-250 s. Although the maps are constructed without any information about the wave phase, they are highly correlated with phase-velocity maps derived entirely from measurements of phase delay. We consider there to be four factors that contribute to the observed amplitude anomalies: focusing by lateral velocity heterogeneity along the ray path, variable attenuation along the ray path, uncertainty in the strength of excitation and uncertainty in the response at the station. In our first analysis, we desensitize the data to attenuation, source uncertainty and receiver uncertainty by combining the amplitudes of four consecutive surface-wave arrivals. The resulting quantity is inverted for even-degree spherical-harmonic maps of phase velocity, which explain >50 per cent of the variance in an independent data set of great-circle phase-delay measurements. In our second analysis, the amplitude measurements are inverted simultaneously for global maps of phase velocity expanded to degree 20, global degree-12 maps of attenuation and source and receiver correction factors. The velocity maps obtained from the simultaneous inversion exhibit strong agreement with published phase-velocity maps. The success of our analysis, which is based on linearized ray theory, suggests that the underlying assumptions about the smoothness of heterogeneity in the mantle may be reasonable, and illustrates the utility of amplitude data for constraining elastic heterogeneity in the Earth.
I N T RO D U C T I O N
The investigation of upper-mantle velocity structure with surface waves typically involves inverting measurements of phase delay (e.g. Trampert & Woodhouse 1995; Ekström et al. 1997) . Within the context of ray theory, the wave phase represents the integration of phase slowness along the length of the ray path. The sensitivity of other surface-wave observables, such as amplitude and offgreat-circle arrival angle, to lateral variations in phase velocity is different from that of phase anomalies. Arrival angles depend on the first spatial gradient of and amplitudes on the second derivative of phase velocity perpendicular to the ray path (Woodhouse & Wong 1986; Laske & Masters 1996) , and thus they are particularly sensitive to short-wavelength structure. While numerous studies have recognized the potential value of these two additional, complementary data sets to velocity tomography (e.g. McGarr 1969; Lay & Kanamori 1985; Woodhouse & Wong 1986; Yomogida & Aki 1987; Wong 1989; Laske 1995; Laske & Masters 1996; Yoshizawa et al. 1999; Larson 2000; Billien et al. 2000; Selby & Woodhouse 2000; Larson & Ekström 2002; Dunn & Forsyth 2003; Dalton & Ekström 2006) , only a handful of researchers have included them in their inversions for elastic structure, and almost always as supplementary to phase data. The primary reason for their exclusion is the difficulty involved with measuring and interpreting amplitudes and arrival angles. Amplitudes are influenced by factors other than focusing by lateral velocity gradients, including attenuation (1/Q), uncertainties in the calculation of source excitation and inaccuracies associated with the instrument response. Seismometer misorientation complicates the application of arrival angles to velocity modelling (Laske 1995; Laske & Masters 1996; Larson & Ekström 2002) .
In this paper, we use two approaches to demonstrate that phasevelocity maps can be retrieved successfully from a data set of fundamental-mode Rayleigh wave amplitudes with periods between 150 and 250 s. In the first approach, the amplitudes of four consecutive surface-wave arrivals (e.g. R1, R2, R3, R4) are combined in such a way that, at the level of approximation of linearized ray theory, the effects of attenuation and source and receiver uncertainty on amplitude are cancelled out. The resulting datum is sensitive to the even spherical-harmonic degrees of phase velocity. In the second approach, we invert our data set of Rayleigh wave amplitudes for four quantities simultaneously: global maps of phase velocity, global maps of attenuation, amplitude correction factors for each earthquake in the data set and amplitude correction factors for each station. Elastic focusing is treated using the path-integral approximation of Woodhouse & Wong (1986) . The second approach is similar to the one used by Dalton & Ekström (2006) , but in that paper, a data set of phase-delay measurements was included as additional constraint on velocities. Here we show for the first time that phasevelocity maps derived only from amplitudes exhibit a strong correlation with velocity maps derived exclusively from phase anomalies, and they are able to reduce the variance in a data set of phase anomalies. Removing the effects of attenuation as well as source and receiver uncertainty from the amplitudes is essential in order to retrieve high-quality phase-velocity maps. We discuss the data and the details of the two approaches in Section 2. The phase-velocity maps that are obtained from the amplitude data are presented in Section 3.
D ATA A N D M E T H O D
The Rayleigh wave amplitude observations that constitute the data set of this study were measured using the algorithm described by Ekström et al. (1997) , which utilizes a phase-matched filter to isolate the fundamental mode from interfering overtones so that its phase and amplitude may be determined. The observations were derived from earthquakes with M W > 6.0 that occurred between 1993 and 2002 and were measured from vertical-component seismograms recorded by the stations of the Global Seismographic Network (GSN) of the Incorporated Research Institutions for Seismology (IRIS) and the USGS, the China Digital Seismograph Network (CDSN), the Global Telemetered Seismograph Network (GTSN) and the Mednet and Geoscope networks. We focus on the period range 150-250 s, for which amplitude and phase measurements can be made reliably on multiply orbiting waves.
Our data are ratios, at each period, of observed to synthetic wave amplitude. We consider an amplitude anomaly, A(ω), at some angular frequency ω, to depend on four factors
where A S accounts for uncertainties in the strength of excitation, A I accounts for uncertainties in the response at the station, A F represents the focusing of wave energy by lateral velocity variations, and A Q describes the decay due to attenuation. We treat elastic focusing using the path-integral approximation first given by Woodhouse & Wong (1986) and later modified slightly to include a term with sensitivity to phase velocity at the receiver: (Dahlen & Tromp 1998) . In this expression, is the epicentral distance, φ is the along-path coordinate, θ is the path-perpendicular coordinate, δc c 0 is the relative perturbation in surface-wave phase velocity, and δc| 0 and δc| indicate the phase-velocity perturbation at the source and receiver, respectively. The effect of focusing on wave amplitude, which depends primarily on the second derivative of phase velocity perpendicular to the ray path, causes waves travelling through a low-velocity trough to be focused and amplified.
We expand the perturbation in phase velocity in spherical harmonics,
where Y lm (θ, φ) are the fully normalized surface spherical harmonics of degree l and order m, L c is the maximum degree of the phase-velocity expansion, and C lm (ω) are the coefficients to be determined. The focusing depends linearly on the phase velocity, and we write
where
lm represents the implementation of eq. (2) in spherical harmonics for the path connecting the ith earthquake and the jth receiver.
Because the wave amplitude is influenced by factors other than phase velocity (eq. 1), it is essential that the effects of attenuation, source uncertainty and receiver uncertainty be removed before interpreting the amplitudes in terms of velocity variations. Motivated by this concern, we obtain maps of phase velocity from the amplitude data set with two approaches. In the first approach, we modify the method of Romanowicz (1990) and Durek et al. (1993) and combine the amplitudes of four consecutive surface-wave arrivals (e.g. R1, R2, R3, R4) so that the effects of attenuation and source and receiver uncertainty are cancelled out. The effect of attenuation on the wave amplitude, A Q , is expressed as
where θ and φ are latitude and longitude, respectively, U(ω) is group velocity, and δ Q −1 (ω, θ, φ) is the perturbation in Rayleigh wave attenuation away from the value predicted by PREM (Dziewonski and Anderson 1981) . The operator that maps the amplitude anomaly of one surface-wave arrival (e.g. R1) to the next (e.g. R3) accounts for both the exponential decay of the wave amplitude as well as the elastic focusing effects that occur along the additional great-circle orbit:
In this expression, A n (ω) is the amplitude anomaly for the nth surface-wave arrival, and great-circle elastic focusing effects are denoted by β(ω), whose value for even orbits (n even) is the reciprocal of that for odd orbits. The ratio of amplitude anomalies (i.e.
A n+2 An
) removes the effects of source uncertainty, directivity and receiver uncertainty. Durek et al. (1993) solved for even-degree anelastic structure using the relationship
where X GC is the circumference of the Earth and δ Q −1 GC (ω) is the average perturbation in Rayleigh wave attenuation along the great circle connecting i and j. Linearized surface-wave ray theory predicts that the strength of focusing for waves orbiting a great circle in one direction is the reciprocal of that experienced by waves travelling in the opposite sense (Woodhouse & Wong 1986 ). Thus, the product of the two amplitude ratios in eq. (7) effectively cancels out the sensitivity of amplitudes to elastic structure.
By inverting one of the amplitude ratios, we can construct a new datum that has minimal sensitivity to anelastic structure and primarily depends on elastic structure:
The great-circle focusing, A GC F (ω), describes the change in amplitude due to focusing for waves travelling the great circle connecting i and j in the sense defined by the minor arc and is sensitive to the even degrees of elastic heterogeneity. We invert the values of A GC F (ω) for even-degree coefficients of phase velocity according to eq. (4).
In the second approach, the data set of amplitude observations is inverted for four quantities simultaneously: spherical-harmonic maps of surface-wave attenuation, spherical-harmonic maps of phase velocity, amplitude correction factors for each earthquake and amplitude correction factors for each station. This method is similar to that used by Dalton & Ekström (2006) to obtain global models of attenuation. However, here the velocity variations are constrained only by amplitudes; we do not include a data set of phase anomalies. For an observation corresponding to the ith earthquake and the jth receiver, eq. (5) can be written as
where X i, j is the length of the path, Y i, j lm is the path average of the spherical-harmonic function Y lm (θ, φ), and lateral variations in attenuation are expanded to degree L Q with coefficients δ Q −1 lm (ω). Thus, for observations of amplitude anomalies ln A i, j , we can write (eqs 1, 4 and 9): lm (ω) are the quantities to be determined. We do not solve for the globally averaged value of phase velocity, C 00 , because sensitivity of amplitudes to this term is small.
In the following section, we compare phase-velocity maps derived from the amplitude data to phase-velocity maps derived from measurements of phase delay. In these comparisons, the phase data are interpreted using ray theory such that an observed phase anomaly δ (ω) is attributed to a perturbation in phase along the propagation path (e.g. Ekström et al. 1997) 
The selection process for both the amplitude and phase data is described in more detail by Dalton & Ekström (2006) . Fig. 1 shows maps of Rayleigh wave phase velocity at 150 and 250 s expanded in spherical harmonics to degree 8. Only even degrees of heterogeneity are plotted. The velocity maps in Fig. 1 and 1695 values of
R E S U LT S
. Fig. 1 (middle) shows maps of phase velocity determined from measurements of great-circle phase delay (i.e. δ R3 (ω) − δ R1 (ω) and δ R4 (ω) − δ R2 (ω)). The path coverage is nearly the same as for Fig. 1 (top) , although there are twice as many measurements of great-circle phase delay as there are of great-circle focusing. Fig. 1 (bottom) shows degrees 2, 4, 6 and 8 of the phase-velocity maps constructed using the phase-delay data set and method described by Ekström et al. (1997) .
The maps derived from amplitudes (i.e. from the great-circle focusing ratios) are highly correlated with both sets of maps constructed from measurements of phase. The correlation between Fig. 1 (top) and Fig. 1 (middle) is 0.83 at 150 s and 0.91 at 250 s. Correlation of the great-circle focusing maps with the phasevelocity maps of Ekström et al. (1997) is 0.79 and 0.92 at 150 and 250 s, respectively. If we compare the great-circle focusing maps to degrees 2, 4, 6 and 8 of the phase-velocity maps of Laske & Masters (1996) , the correlation is 0.77 and 0.86 at 150 and 250 s. The power in the amplitude-derived maps is slightly smaller than the power in the phase-derived maps, particularly at 150 s. However, the amplitude-derived velocity maps still provide an adequate fit to the data set of great-circle phase delays ( Table 1 ). Considering that focusing is primarily sensitive to gradients in velocity, it is remarkable how well the longest-wavelength (degree 2) structure is recovered in these maps. Fig. 2 shows a comparison between the degree-20 phase-velocity maps derived from the simultaneous inversion of amplitude measurements for four quantities (i.e. eq. 10) and phase-velocity maps constructed using the method of Ekström et al. (1997) . At 150 s, our data set consists of 9384 minor-arc amplitudes and 10 226 majorarc amplitudes. At 250 s, we use 13 529 R1 amplitudes, 11 345 R2 amplitudes, 5857 R3 amplitudes and 1492 R4 amplitudes, and we scale the R3 and R4 data in the inversion to compensate for their smaller number. The data selection criteria used for this analysis are stricter than for the great-circle focusing ratios, which results in fewer R3 and R4 measurements. The degree-12 attenuation maps, source correction factors and receiver correction factors retrieved from the simultaneous inversion are very similar to the ones obtained when phase measurements were also included in the inversion (Dalton & Ekström 2006) . Correlation of the two sets of attenuation maps is 0.91 at 150 s and 0.95 at 250 s. The correlation coefficient for the source correction factors and the receiver correction factors is greater than 0.99 at both periods. Phase-velocity maps derived from the amplitude anomalies require a small amount of regularization.
The phase-velocity maps obtained from the amplitude data (Fig. 2, top) and those derived from measurements of phase delay (Fig. 2, bottom) share many features. At 150 s, western North America, the Red Sea region and portions of the mid-ocean-ridge system are characterized by slow velocity in both maps. The Canadian Shield, central/western Australia, West Africa and the Baltic Shield are all features with fast velocity. The correlation coefficient for the two maps is 0.71 to degree 20. Correlation with the 167 s phase-velocity map of Laske & Masters (1996) is 0.52. The most conspicuous differences between the two maps can be found along parts of the East Pacific Rise, near India and in the northwestern Pacific. The power at low degrees is smaller in the amplitude-derived maps than it is in the phase-derived maps (Fig. 3) . For degrees >10, the power in the two sets of maps is of the same order.
The conclusions are largely the same at 250 s. In particular, the fast-velocity anomaly located just west of Africa is recovered in both maps, as is the region of slow velocity near the triple junction of the Pacific, Australia, and Antarctic plates. Differences are most pronounced along the southern East Pacific Rise and Pacific-Antarctic Great-circle focusing (Fig. 1, top) 51.1 per cent 61.2 per cent 5.4 per cent 14.2 per cent Great-circle phase (Fig. 1, middle) 75.0 per cent 76.2 per cent −5.0 per cent 7.9 per cent ETL97, even degrees (Fig. 1, bottom) 71.1 per cent 75.6 per cent −3.5 per cent 10.5 per cent LM96, even degrees 66.8 per cent 70.0 per cent −2.9 per cent 2.3 per cent This table reports the ability of four even-degree phase-velocity maps, expanded to degree 8, to fit the data sets of great-circle phase delay (phase) and great-circle focusing ratios (amplitudes). The great-circle focusing maps, which are derived from the amplitude ratios, provide significant variance reduction for the great-circle phase-delay measurements. et al. (1997) and LM96 = Laske & Masters (1996) .
Ridge between −30 • S and −55 • S, and areas of the western Pacific. Correlation between the two maps is 0.68 to degree 20. Correlation with the 250 s phase-velocity map of Laske & Masters (1996) is 0.50.
In Table 2 , we report the reduction in variance of our data sets of phase and amplitude anomalies that is achieved by three sets of phase-velocity maps: the maps derived from the simultaneous inversion of amplitude data (Fig. 2, top) , the maps constructed using the method of Ekström et al. (1997) (Fig. 2, bottom) , and the maps of Laske & Masters (1996) . At 150 s, the amplitude-derived maps reduce ∼30 per cent of the variance in the 21 788 minor-and majorarc phase delays. At 250 s, the variance reduction is 8.6 per cent for the 34 533 R1, R2, R3 and R4 phase delays. In addition to the phasevelocity maps, the attenuation maps, source correction factors and receiver correction factors also contribute to the variance reduction of the amplitude data.
The variance reduction of the phase data depends primarily on the long-wavelength structure, whereas the variance reduction of the amplitude data is strongly sensitive to higher degrees. More than 80 per cent of the total variance reduction for the phase-delay data set reported in Table 2 can be explained by degrees 1-8 at 150 s and degrees 1-6 at 250 s. In contrast, the variance reduction of the amplitude data reaches 80 per cent of its maximum value with degrees 1-17 at 150 s and degrees 1-14 at 250 s. The amplitudes are particularly sensitive to short-wavelength structure because of their dependence on the second transverse derivative of phase velocity (eq. 2), and thus the higher-degree coefficients are important for reducing the variance of the amplitudes. At 150 s, degrees Degrees 1-20 of maps constructed using the phase-delay data set and method described by Ekström et al. (1997) . Fig. 2, top) and from only the phase data (i.e. Fig. 2, bottom) . The data set of phase-delay measurements used for the calculation of variance reduction consists of 21 788 R1 and R2 data at 150 s and 34 533 R1, R2, R3 and R4 data at 250 s. The data set of amplitude measurements used for the calculation of variance reduction is described in the text.
8-20 explain 85 per cent of the total variance reduction for the amplitudes and only 25 per cent of the total variance reduction for the phase data. At 250 s, degrees 6-20 explain more than 90 per cent of the total variance reduction for the amplitudes and less than 40 per cent for the phase delays.
C O N C L U S I O N S
Implicit in the approach described in this paper are two assumptions: (1) that the propagating wave can be treated using ray theory and (2) that the ray travels along the great circle connecting the earthquake and the station. The validity of these two approximations is contingent on the smoothness of heterogeneity as well as the relationship between the characteristic length scale of heterogeneity and the wavelength of the seismic wave. Due to their dependence on off-path velocity structure, amplitudes are more sensitive than other surface-wave observables to errors in the assumed propagation path (e.g. Wang & Dahlen 1994; Larson et al. 1998 ). However, Dalton & Ekström (2006) used degree-20 phase-velocity maps to predict the effect of focusing on surface-wave amplitudes for both the great-circle path and the true ray path and demonstrated that for >85 per cent of the minor-arc paths, the difference between the two was negligible. Interpretation of amplitude data may also be particularly affected by approximations in the width of the influence zone. Kernels expressing the finite-frequency sensitivity of amplitudes to velocity (e.g. Zhou et al. 2004 ) contain sidebands of reversed sensitivity that are more significant than for phase-delay kernels at the same frequency. While the contribution to velocity tomography of such higher-order theory for traveltimes is currently a subject of debate (e.g. Montelli et al. 2004; de Hoop & van der Hilst 2005) , no study to date has rigorously examined the importance of finite-frequency theory for interpreting surface-wave amplitudes.
In this paper, we show that phase-velocity maps retrieved from our amplitude data set are highly correlated with velocity maps derived from phase anomalies. Although the two data sets have different sensitivities to velocity structure, they can be interpreted in a consistent way using ray theory. This surprising result suggests that ray theory captures much of the complex averaging that occurs during wave propagation, perhaps because assumptions about the smoothness of heterogeneity are valid.
The high level of agreement between our amplitude-derived phase-velocity maps and the phase-derived velocity maps can only be achieved if the effects of laterally varying attenuation, source uncertainty and instrument uncertainty are removed from the amplitude data. In this study, we account for these extraneous factors in two ways: (1) by cancellation using four consecutive wave trains (i.e. eq. 8) and (2) by solving for them in a simultaneous inversion (i.e. eq. 10). When we do not include any of these terms in the simultaneous inversion, or if we include only some of them (e.g. solve for attenuation maps and source factors but not receiver factors), the retrieved phase-velocity maps show only weak agreement with published phase-velocity maps and do not provide any variance reduction for the phase data set.
The ability of surface-wave amplitudes to constrain global velocity structure without assistance from other data sets, such as phase anomalies, has not been shown before. Previous studies that incorporated amplitude data included them to supplement a larger, and generally higher-quality, data set of phase delays. The results presented here underscore the value of surface-wave amplitudes toward achieving higher-resolution images of upper-mantle heterogeneity.
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